Published by Institute of Physics Publishing for SISSA/ISAS Received: September 17, 2002 Accepted: November 7, 2002

Neutrino wave packets in quantum field theory

Carlo Giunti

INFN, Sezione di Torino and Dipartimento di Fisica Teorica, Università di Torino Via P. Giuria 1, I–10125 Torino, Italy E-mail: giunti@to.infn.it

Abstract: We present a model of neutrino oscillations in the framework of quantum field theory in which the propagating neutrino and the particles participating to the production and detection processes are described by wave packets. The neutrino state is a superposition of massive neutrino wave packets determined by the production process, as naturally expected from causality. We show that the energies and momenta of the massive neutrino components relevant for neutrino oscillations are in general different from the average energies and momenta of the propagating massive neutrino wave packets, because of the effects of the detection process. Our results confirm the correctness of the standard expression for the oscillation length of extremely relativistic neutrinos and the existence of a coherence length.

Keywords: Solar and Atmospheric Neutrinos, Neutrino Physics.

© SISSA/ISAS 2002 http://jhep.sissa.it/archive/papers/jhep112002017 /jhep112002017 .pdf

Contents

1. Introduction 1

2. Production 3 2.1 Unlocalized production process 13 2.2 Unlocalized pion 13 2.3 Equal energy limit 14 2.4 Realistic case 16

3. Detection 16

4. Transition probability 24 4.1 Unlocalized detection process 26 4.2 Equal energy limit 26 4.3 Realistic case 27

5. Conclusions 29

1. Introduction

The theory of neutrino oscillations is an important field of research, especially after the convincing evidence of the existence of neutrino oscillations obtained in atmospheric and solar neutrino experiments (see [1]–[7]).

Neutrinos can oscillate if neutrino mixing is realized in nature (see [8]–[11]), i.e. if the left-handed components ν_{αL} of the flavor neutrino fields (α = e, μ, τ) are superpositions of the left-handed components ν_{aL} of the fields of neutrinos with definite mass: ν_{αL} = ∑ a U_{αa}ν_{aL} , (1.1)

where U is the neutrino mixing matrix. Here the field ν_a describes a neutrino with mass m_a. A flavor neutrino produced in a charged-current weak interaction process is a superposition of massive neutrino components with well defined kinematical properties. Neutrino oscillations are space-dependent and/or time-dependent flavor transitions generated by the different phase velocities of different massive neutrino components. The probabilities of flavor transitions in neutrino oscillation experiments depend on the differences Δm^2_{ab} ≡ m^2_a − m^2_b of the squared neutrino masses and on the elements of the mixing matrix U.

Different models of neutrino oscillations have been presented by several authors (see [10]–[14] and references therein). In this paper we adopt a wave packet approach, in the line of refs. [15]–[18].

– 1 –

As discussed in ref. [19], neutrino oscillations are possible only if the processes of neutrino production and detection have momentum uncertainties that allow the coherent production and detection of different massive neutrino components. From the fundamental principles of quantum mechanics it follows that the production and detection processes must be localized and the massive neutrino components of a flavor neutrino must be described by wave packets. We have developed a quantum-mechanical wave-packet description of neutrino oscillations in refs. [15, 16]. This model provides important insights in the physics of neutrino oscillations. The main one is the confirmation of the correctness of the standard expression for the oscillation phase of extremely relativistic neutrinos (see [8, 20, 21, 22]). In addition, the quantum-mechanical model of neutrino oscillations implies the existence of a coherence length, which was predicted in ref. [23] on the basis of intuitive quantum-mechanical arguments. For source–detector distances larger than the coherence length the flavor transition probability does not oscillate, because the separation of the different massive neutrino wave packets, which propagate with different group velocities, is so large that they cannot be absorbed coherently in the detection process [24]. In this case the probability of flavor-changing transitions is constant and depends only on the elements of the mixing matrix U.

In the quantum-mechanical model of neutrino oscillations the expression of the state describing a flavor neutrino as a superposition of massive neutrino components has to be assumed, because quantum mechanics is not sufficient for the description of the neutrino production and detection processes. Therefore, it is necessary to develop a description of neutrino oscillations in the framework of quantum field theory, which allows to calculate the amplitudes of neutrino production and detection. Moreover, one must notice that the theoretical prediction of neutrino oscillations follows from the mixing of neutrino fields in eq. (1.1) and a consistent theory of neutrino mixing and oscillations can be formulated only in the framework of quantum field theory.

In refs. [17, 18] we have developed a quantum-field-theoretical model of neutrino oscillations in which the particles taking part to the neutrino production and detection processes are described by localized wave packets and the neutrino propagating between the production and detection processes is a virtual particle (see also refs. [25, 26] for similar approaches, ref. [27, 28, 29] for another quantum-field-theoretical model of neutrino oscillations with virtual neutrinos, and refs. [30, 31] for a different quantum-field-theoretical point of view). This model confirms the correctness of the standard expression for the oscillation phase of extremely relativistic neutrinos and the existence of a coherence length.

However, since in oscillation experiments neutrinos propagate over macroscopic or even astronomical distances, we think that it is unnatural to consider them as virtual particles, with undefined properties (see refs. [18, 13]). Since massive neutrinos propagate as free particles between production and detection, it should be possible to describe their superposition constituting the flavor neutrino created in the production process by an appropriate quantum-field-theoretical state, similar to the quantum-mechanical wave-packet state in ref. [16]. Causality demands that the neutrino state is determined by the production process.

– 2 –

In this paper we present a quantum-field-theoretical model of neutrino oscillations in which the neutrino propagating between the production and detection processes is described by a wave packet state determined by the production process. This state is derived in section 2, starting from a production process in which the other interacting particles are described by wave packets. In section 3 we calculate the amplitude of the detection process occurring at a space-time distance (⃗L, T ) from the production process, using the neutrino state obtained in section 2 and wave packets for the other interacting particles. In section 4 we calculate the probability of neutrino oscillations in space from the average over the unmeasured propagation time T of the detection probability and we discuss the effects of the detection process on neutrino oscillations. Conclusions are presented in section 5.

In the following we assume that the particles that participate to the production and detection processes can be described by appropriate wave packets. This is possible if their properties are determined. If the information about their properties is incomplete, as often occurs in practice, each particle must be described by a statistical operator, also known as “density matrix”, constructed from an incoherent mixture of wave packets with definite properties. As a consequence, also the propagating neutrino must be described by a statistical operator constructed from an incoherent mixture of the pure states that we derive in section 2, and the oscillation probability is given by an appropriate average of the oscillation probability that we derive in section 4 over the unknown properties of the particles participating to the production and detection processes.

2. Production

The approach presented here is based on the fact that in quantum field theory the effect of interactions is described by the operator S − 1, with

S = T exp ( −i ∫ d^4xH_I (x) ) , (2.1)

where H_I (x) is the interaction hamiltonian expressed in terms of the appropriate field operators. Given an asymptotic initial state |i⟩ the asymptotic final state resulting from an interaction is given by |f⟩ ∝ (S − 1)|i⟩ ≃ −i ∫ d^4xH_I (x)|i⟩ , (2.2)

where the last expression applies to first order in perturbation theory, which we adopt in the following, because we consider weak interaction processes. Hence, in quantum field theory it is possible to calculate with eq. (2.2) the final state resulting from any interaction and in particular the final state of the processes in which a neutrino is produced. Since in the majority of experiments neutrinos are produced in charged-current weak decays, we consider the production process

P_I → P_F + ℓ^+_α + ν_α , (2.3)

– 3 – in which P_I is the decaying particle, P_F is a decay product (absent in two-body decays) and ℓ^+_α is the final state charged lepton that determines the flavor of the produced neutrino ν_α. As a simple example of a possible production process of the type (2.3) we will consider the pion decay π^+ → μ^+ + ν_μ , (2.4)

where P_I = π^+, P_F is absent and ℓ^+_α = μ^+.

Let us consider the production process (2.3). The final state obtained with eq. (2.2) describes all the final particles of the process in an entangled way: | ~P_F , ~ℓ^+_α , ~ν_α⟩ ∝ −i ∫ d^4xH^P_I (x)|P_I ⟩ , (2.5)

where |P_I ⟩ is the state describing the initial particle P_I and H^P_I (x) is the hamiltonian describing the production process.

The entangled state | ~P_F , ~ℓ^+_α , ~ν_α⟩ can be disentangled by measuring the properties of the particles involved. In particular, in the study of neutrino oscillations, one is interested in the knowledge of the state |ν_α⟩ describing the neutrino produced in a process of type (2.3). In order to disentangle the state |ν_α⟩, it is necessary to measure the properties of the other particle in the final state, i.e. of P_F and ℓ^+_α . This measurement does not have to be done necessarily by a specific instrument, but could be done by the interactions of the antilepton ℓ^+_α and of P_F with the surrounding medium. The measurement process causes a collapse of the entangled final state | ~P_F , ~ℓ^+_α , ~ν_α⟩ to a disentangled state |P_F ⟩|ℓ^+_α ⟩|ν_α⟩, with the neutrino state |ν_α⟩ given by |ν_α⟩ ∝ ( ⟨P_F |⟨ℓ^+_α | ) | ~P_F , ~ℓ^+_α , ~ν_α⟩ ∝ ( ⟨P_F |⟨ℓ^+_α | ) − i ∫ d^4xH^P_I (x)|P_I ⟩ . (2.6)

The effective interaction hamiltonian that describes the process (2.3) in the Standard Model is

H^P_I (x) = G_F √ 2 ν̄_α(x)γ^ρ (1 − γ_5) ℓ_α(x)J^P_ρ (x) = G_F √ 2 ∑ a U^∗_{αa}ν̄_a(x)γ^ρ (1 − γ_5) ℓ_α(x)J^P_ρ (x) , (2.7)

where G_F is the Fermi constant and J^P_ρ (x) is the weak charged current that describes the transition P_I → P_F .

In order to simplify as much as possible our discussion, let us consider the process (2.3) with the particles P_I , P_F and ℓ^+_α described by the wave-packet states |χ⟩ = ∫ d^3pψ_χ ( ⃗p;⃗p_χ, σ_{pχ} ) |χ (⃗p, h_χ)⟩ , (2.8) where χ = P_I , P_F , ℓ^+_α , the momentum distributions are denoted by ψ_χ(⃗p;⃗p_χ, σ_{pχ}), and h_χ are the helicities. We assume that the particles P_I , P_F and ℓ^+_α are polarized. If the measurement process is not sufficient to determine the polarization of these particles, each of them must be described by a statistical operator (density matrix) constructed from

– 4 – an incoherent mixture of the pure states (2.8) with different helicities. Consequently, the propagating neutrino must be described by a statistical operator constructed from an incoherent mixture of the pure states (2.6) obtained with different helicities of the particles P_I , P_F and ℓ^+_α .

We consider the gaussian momentum distributions^1 ψ_χ ( ⃗p;⃗p_χ, σ_{pχ} ) = ( 2πσ^2_{pχ} )_{−3/4} exp [ − ( ⃗p −⃗p_χ )_2 4σ^2_{pχ} ] , (2.9)

where ⃗p_χ and σ_{pχ} are, respectively, the average momentum and the momentum uncertainty of the wave packet of the particle χ. The corresponding wave functions in coordinate space are given by ψ_χ ( ⃗x, t;⃗p_χ, σ_{pχ} ) = ⟨0|χ(x)|χ⟩ ≈ ∫ d^3p (2π)^{3/2} ψ_χ ( ⃗p;⃗p_χ, σ_{pχ} ) e^{−iEχ(⃗p)t+i⃗p⃗x} , (2.10) where E_χ(⃗p) = √ ⃗p^2 + m^2_χ (2.11)

is the energy corresponding to the momentum ⃗p, and we have neglected for simplicity the spin degrees of freedom. The gaussian momentum distributions (2.9) are assumed to be sharply peaked around their average momentum, i.e. the condition σ_{pχ} ≪ E^2_χ(⃗p_χ)/m_χ is assumed to be satisfied. Under this condition, the energy E_χ(⃗p) can be approximated by^2 E_χ(⃗p) ≃ E_χ +⃗v_χ ( ⃗p −⃗p_χ ) , (2.12)

where E_χ ≡ E_χ ( ⃗p_χ ) = √ ⃗p^2_χ + m^2_χ (2.13)

is the average energy (up to corrections of the order σ^2_{pχ}/E_χ, see eq. (2.17)) and ⃗v_χ ≡ ∂E_χ ∂⃗p | | | ⃗p=⃗p_χ = ⃗p_χ E_χ (2.14)

is the group velocity of the wave packet of the particle χ. Under this approximation the integration in eq. (2.10) is gaussian and leads to ψ_χ ( ⃗x, t;⃗p_χ, σ_{pχ} ) ≃ ( 2πσ^2_{xχ} )_{−3/4} exp [ −iE_χt + i⃗p_χ · ⃗x − (⃗x −⃗v_χt)^2 4σ^2_{xχ} ] , (2.15)

where σ_{xχ} defined by the relation σ_{xχ}σ_{pχ} = 1 2 (2.16)

1A gaussian momentum distribution is the most convenient one for the calculation of several integrations in the following. Other distributions which are sharply peaked around an average momentum ⃗p_χ lead to the same results after their approximation with a gaussian in order to perform the integrals with a saddle-point approximation. Therefore, the gaussian momentum distributions can be taken as approximations of the real momentum distributions from the beginning.

2With this approximation we neglect the spreading of the wave packets.

– 5 – is the spatial width of the wave packet. One can see that the wave functions overlap at the origin of space-time coordinates, where the neutrino production process takes place. Hence, the wave packet states (2.8) are appropriate for the description of the particles taking part to the localized production process (2.3).

Let us determine the energy uncertainty of the wave packet state (2.8) describing a localized particle χ. Developing E_χ(⃗p) up to second order in the power series of (⃗p −⃗p_χ), one obtains the average energy^3 ⟨E⟩_χ = ⟨χ| ^E|χ⟩ ≃ E_χ + ( 3 −⃗v^2_χ ) σ^2_{pχ} 2E_χ , (2.17)

where ^E is the energy operator. The average squared energy is given exactly by ⟨ E^2 ⟩ χ = ⟨χ|^⃗P^2|χ⟩ + m^2_χ = E^2_χ + 3σ^2_{pχ} , (2.18)

where ^⃗P is the momentum operator, leading to the squared energy uncertainty ⟨ (δE)^2 ⟩ χ = ⟨χ|( ^E − E_χ)^2|χ⟩ = ⃗v^2_χσ^2_{pχ} . (2.19)

Therefore, somewhat surprisingly, a localized particle at rest has momentum uncertainty without energy uncertainty (at order σ_{pχ}/E_χ).

We use the following Fourier expansion for the spin 1/2 fermion fields:

f(x) = ∫ d^3p (2π)^{3/2} ∑ h=±1 [ a_f(⃗p, h)u_f(⃗p, h)e^{−ipx} + b^†_f (⃗p, h)v_f(⃗p, h)e^{ipx} ] p^0=E_f(⃗p)

, (2.20)

where h is the helicity, u_f(⃗p, h) and v_f(⃗p, h) are four-component spinors, and a_f(⃗p, h) and b_f(⃗p, h) are the particle and anti-particle destruction operators obeying the canonical anticommutation relations { a_f(⃗p, h), a^†_f (⃗p^′, h^′) } = { b_f(⃗p, h), b^†_f (⃗p^′, h^′) } = δ^3(⃗p −⃗p^′)δ_{hh}′ . (2.21)

The one-particle fermion states with definite momentum and helicity |f(⃗p, h)⟩ = a^†_f (⃗p, h)|0⟩ are normalized by the relation ⟨f(⃗p, h)|f(⃗p^′, h^′)⟩ = δ^3(⃗p −⃗p^′)δ_{hh}′ . One can easily check that in this way the wave-packet states (2.8) for χ = f are normalized to ⟨f|f⟩ = 1.

From eqs.(2.6), (2.7) and (2.8), the state that describes the neutrino produced in the process (2.3) is given by |ν_α⟩ ∝ ∑ a U^∗_{αa} ∫ d^3p^′_{PF} ψ^∗_{PF} ( ⃗p^′_{PF} ;⃗p_{PF} , σ_{pPF} )∫ d^3p^′_ℓ+_α ψ^∗_ℓ+_α ( ⃗p^′_ℓ+_α ;⃗p_ℓ+_α , σ_ℓ+_α ) × × ∫ d^3p^′_{PI} ψ_{PI} ( ⃗p^′_{PI} ;⃗p_{PI} , σ_{pPI} ) × (2.22) × ∫ d^4x ( ⟨P_F (⃗p^′_{PF} )|⟨ℓ^+_α (⃗p^′_ℓ+_α )| ) ν̄_a(x)γ^ρ (1 − γ_5) ℓ_α(x)J^P_ρ (x)|P_I ( ⃗p^′_{PI} ) ⟩ . 3I would like to thank M. Beuthe for pointing out the necessity to develop Eχ(⃗p) up to second order in the power series of (⃗p − ⃗p_χ). As a consequence, eqs. (2.17), (2.19), (2.52), (2.53) and (2.70) have been corrected with respect to the first version of the paper appeared in the electronic archive hep-ph, where Eχ(⃗p) was developed only to first order (as in eq. (2.12)).

– 6 –

Using the Fourier expansion (2.20) for the lepton fields, we obtain |ν_α⟩ ∝ ∑ a U^∗_{αa} ∫ d^4x ∫ d^3p^′_{PF} ψ^∗_{PF} (⃗p^′_{PF} ;⃗p_{PF} , σ_{pPF} ) × ∫ d^3p^′_ℓ+_α ψ^∗_ℓ+_α ( ⃗p^′_ℓ+_α ;⃗p_ℓ+_α , σ_ℓ+_α ) ∫ d^3p^′_{PI} ψ_{PI} (⃗p^′_{PI} ;⃗p_{PI} , σ_{pPI} )J^P_ρ (⃗p^′_{PF} , h_{PF} ;⃗p^′_{PI} , h_{PI} ) (2.23) × ∫ d^3p ∑ h ū_{νa} (⃗p, h)γ^ρ (1 − γ_5) v_ℓ+_α (⃗p^′_ℓ+_α , h_ℓ+_α )e^{i(p+p} ′ ℓ+α +p^′_{PF} −p^′_{PI} )x |ν_a(⃗p, h)⟩ ,

with p^0 = E_{νa} (⃗p), p^{′0}_{PI} = E_{PI} (⃗p^′_{PI} ), p^{′0}_{PF} = E_{PF} (⃗p^′_{PF} ), p^{′0}_{ℓ+α} = E_ℓ+_α (⃗p^′_ℓ+_α ), and J^P_ρ (⃗p^′_{PF} , h_{PF} ;⃗p^′_{PI} , h_{PI} ) = ⟨P_F (⃗p^′_{PF} , h_{PF} ) | J^P_ρ (0) | P_I (⃗p^′_{PI} , h_{PI} )⟩. For example, in the pion decay process (2.4) J^P_ρ (⃗p^′_{PF} , h_{PF} ;⃗p^′_{PI} , h_{PI} ) is given by ⟨0|J^P_ρ (0)|π^+(⃗p^′_π+ )⟩ = f_π(p^′_{π+} )_ρ, where f_π is the pion decay constant.

Since the wave packets of P_I , P_F and ℓ^+_α are assumed to be sharply peaked around the respective average momenta, the integrations over d^3p^′_{PF} , d^3p^′_{ℓ+α} and d^3p^′_{PI} can be performed with a saddle-point approximation using the approximation (2.12), which leads to |ν_α⟩ ∝ ∑ a U^∗_{αa} ∫ d^3p ∑ h A^P_a (⃗p, h)|ν_a(⃗p, h)⟩ × (2.24)

× ∫ d^4x exp [ −i (E_P − E_{νa} (⃗p)) t + i(⃗p_P −⃗p)⃗x − ⃗x^2 − 2⃗v_P · ⃗xt + Σ_P t^2 4σ^2_{xP} ] , with

E_P ≡ E_{PI} − E_{PF} − E_ℓ+_α , (2.25) ⃗p_P ≡ ⃗p_{PI} −⃗p_{PF} −⃗p_ℓ+_α , (2.26) 1 σ^2_{xP} ≡ 1 σ^2_{xPI} + 1 σ^2_{xPF} + 1 σ^2_{xℓ+α} , (2.27)

⃗v_P ≡ σ^2_{xP} ( ⃗v_{PI} σ^2_{xPI} + ⃗v_{PF} σ^2_{xPF} + ⃗v_ℓ+_α σ^2_{xℓ+α} ) , (2.28)

Σ_P ≡ σ^2_{xP} ( ⃗v^2_{PI} σ^2_{xPI} + ⃗v^2_{PF} σ^2_{xPF} + ⃗v^2_ℓ+_α σ^2_{xℓ+α} ) , (2.29) A^P_a (⃗p, h) ≡ ū_{νa} (⃗p, h)γ^ρ (1 − γ_5) v_ℓ+_α ( ⃗p_ℓ+_α , h_ℓ+_α ) J^P_ρ ( ⃗p^′_{PF} , h_{PF} ;⃗p^′_{PI} , h_{PI} ) . (2.30)

As naturally expected, the overall spatial width σ_{xP} of the production process is dominated by the smallest among the spatial widths of P_I , P_F and ℓ^+_α . The quantities |⃗v_P | and Σ_P are limited by 0 ≤ |⃗v_P | ≤ 1 , 0 ≤ Σ_P ≤ 1 . (2.31)

Carrying out the gaussian integral over d^4x, we obtain the neutrino state |ν_α⟩ = N_α ∑ a U^∗_{αa} ∫ d^3pe^{−SPa (⃗p)} ∑ h A^P_a (⃗p, h)|ν_a(⃗p, h)⟩ , (2.32)

– 7 – where N_α is a normalization constant such that

⟨ν_α|ν_α⟩ = 1 , (2.33) and S^P_a (⃗p) ≡ (⃗p_P −⃗p)^2 4σ^2_{pP} + [E_P − E_{νa} (⃗p) − (⃗p_P −⃗p) ·⃗v_P ]^2 4σ^2_{pP} λ_P

. (2.34)

Here λ_P ≡ Σ_P −⃗v^2_P , (2.35)

such that 0 ≤ λ_P ≤ 1 , (2.36)

and we have defined the momentum uncertainty σ_{pP} through the relation σ_{xP} σ_{pP} = 1 2 . (2.37)

The overall momentum uncertainty is dominated by the largest momentum uncertainty among P_I , P_F and ℓ^+_α :

σ^2_{pP} = σ^2_{pPI} + σ^2_{pPF} + σ^2_{pℓ}+_α . (2.38)

The neutrino state (2.32) describes a neutrino produced in the weak interaction process (2.3) as a superposition of massive neutrino components. In section 3 we discuss the detection of this state and in section 4 we derive the corresponding transition probability. In the following part of this section we discuss some properties of the massive neutrino wave-packet states |ν_a⟩ = N_a ∫ d^3pe^{−SPa (⃗p)} ∑ h A^P_a (⃗p, h)|ν_a(⃗p, h)⟩ , (2.39) with the normalization constant N_a such that

⟨ν_a|ν_a⟩ = 1 . (2.40)

The massive neutrino wave-packet states (2.39) are the components of the state (2.32), which can be written as |ν_α⟩ = N_α ∑ a U^∗_{αa} N_a |ν_a⟩ , (2.41)

and the normalization constant N_α is related to the normalization constants N_a by

N_α = ( ∑ a |U_{αa}|^2 N^2_a )_{−1/2} . (2.42)

The normalization condition (2.40) requires that

N^2_a ∑ h ∫ d^3p|A^P_a (⃗p, h)|^2e^{−2SPa (⃗p)} = 1 . (2.43)

– 8 –

The integration over d^3p can be done with a saddle point approximation around the stationary point of S^P_a (⃗p), ∂S^P_a (⃗p) ∂⃗p | | |_{⃗p=⃗pa} = 0 . (2.44)

The momentum ⃗p_a is given by ⃗p_P −⃗p_a + 1 λ_P [E_P − E_a − (⃗p_P −⃗p_a) ·⃗v_P ] (⃗v_a −⃗v_P ) = 0 , (2.45)

with

E_a ≡ E_{νa} (⃗p_a) = √ ⃗p^2_a + m^2_a , (2.46) ⃗v_a ≡ ∂E_{νa} (⃗p) ∂⃗p | | ⃗p=⃗p_a = ⃗p_a E_a . (2.47)

The saddle-point approximation of the integration over d^3p in eq. (2.43) leads to

N_a = ( DetΛ_a

π^3 )_{1/4} e^{SPa (⃗pa)} √∑ h |A^P_a (⃗p_a, h)|^2 , (2.48)

with Λ^{jk}_a ≡ ∂^2S^P_a (⃗p) ∂p^j ∂p^k | | |_{⃗p=⃗pa}

= δ^{jk} 2σ^2_{pP} + ( v^j_P − v^j_a ) ( v^k_P − v^k_a ) 2σ^2_{pP} λ_P − [(E_P − E_a) − (⃗p_P −⃗p_a) ·⃗v_P ] 2σ^2_{pP} λ_P δ^{jk} − v^j_av^k_a E_a . (2.49)

Using the same saddle-point approximation for the integration over d^3p, one can find that ⃗p_a is the average momentum of the state |ν_a⟩, ⟨⃗p⟩_a = ⟨ν_a|^⃗P |ν_a⟩ = ⃗p_a , (2.50) and the uncertainties of the three momentum components are given by

⟨(δp^k)^2⟩_a = ⟨ν_a|( ^P^k − p^k_a)^2|ν_a⟩ = 1 2 (Λ^{−1}_a )^{kk} . (2.51)

Developing E_{νa} (⃗p) up to second order in the power series of (⃗p −⃗p_a) we obtain the average energy ⟨E⟩_a = ⟨ν_a| ^E|ν_a⟩ ≃ E_a + Tr(Λ^{−1}_a ) − ∑ j,k v^j_a(Λ^{−1}_a )^{jk}v^k_a 4E_a , (2.52)

and the energy uncertainty ⟨(δE)^2⟩_a = ⟨ν_a|( ^E − E_a)^2|ν_a⟩ ≃ 1 2 ∑ j,k v^j_a(Λ^{−1}_a )^{jk}v^k_a . (2.53)

In order to get further insight in the properties of the massive neutrino wave-packet states (2.39), it is necessary to solve eq. (2.45) and determine the values of ⃗p_a and E_a. It

– 9 – is important to notice that the production of the state |ν_α⟩ in eq. (2.32) is not suppressed only if S^P_a (⃗p_a) ≲ 1 (2.54)

for all values of the index a. Together with eq. (2.45), this inequality constraints the possible values of ⃗p_a, ⃗p_P and E_P .

Equation (2.45) implies that the massive neutrino momenta ⃗p_a must be aligned in the direction of ⃗p_P :

⃗p_a = p_a⃗ℓ , (2.55)

with ⃗p_P = p_P⃗ℓ and |⃗ℓ| = 1. Hence, ⃗ℓ is the unit vector in the direction of propagation of the neutrino.

We solve eq. (2.45) in the approximation of extremely relativistic neutrinos. This approximation is valid in practice because only neutrinos with energy larger than some fraction of MeV are detectable. Indeed, neutrinos are detected in:

1. Charged-current or neutral-current weak processes which have an energy threshold larger than some fraction of MeV. This is due to the fact that in a scattering process ν + A → ∑ X X (2.56)

with A at rest, the squared center-of-mass energy s = 2E_ν m_A + m^2_A (neglecting the neutrino mass) must be bigger than ( ∑ X m_X )^2, leading to

E^{th}_ν = ( ∑ X m_X )^2 2m_A − m_A 2 . (2.57)

For example:

• E^{th}_ν ≃ 0.233MeV for ν_e +^{71}Ga →^{71}Ge + e^− in the GALLEX [32], SAGE [33] and GNO [34] solar neutrino experiments.

• E^{th}_ν ≃ 0.81MeV for ν_e +^{37}Cl →^{37}Ar + e^− in the Homestake [35] solar neutrino experiment.

• E^{th}_ν ≃ 1.8MeV for ν̄_e + p → n + e^+ in reactor neutrino experiments (for example Bugey [36] and CHOOZ [37]).

• E^{th}_ν ≃ 2.2MeV in the neutral-current process ν + d → p + n + ν used in the SNO experiment to detect active solar neutrinos [6].

• E^{th}_ν ≃ 110MeV for ν_μ + n → p + μ^−.

• E^{th}_ν ≃ m^2_μ/2m_e ≃ 10.9GeV for ν_μ + e^− → ν_e + μ^−.

2. The elastic scattering process ν + e^− → ν + e^−, whose cross section is proportional to the neutrino energy (σ(E_ν ) ∼ σ_0E_ν /m_e, with σ_0 ∼ 10^{−44}cm^2). Therefore, an energy threshold of some MeV’s is needed in order to have a signal above the background. For example, E^{th}_ν ≃ 5 MeV in the Super-Kamiokande [38] solar neutrino experiment.

– 10 –

Although the direct experimental upper limits for the effective neutrino masses in lepton decays are not very stringent (m_{νe} ≲ 3eV, m_{νμ} ≲ 190keV, m_{ντ} ≲ 18.2MeV, see ref. [39]), we know that the sum of the masses of the neutrinos that have a substantial mixing with ν_e, ν_μ and ν_τ is constrained to be smaller than a few eV by their contribution to the total energy density of the Universe [40, 41, 42].

The comparison of the cosmological limit on neutrino masses with the energy threshold in the processes of neutrino detection implies that the main massive neutrino components of detectable flavor neutrinos are extremely relativistic.^4

We write the average massive neutrino energies E_a in the relativistic approximation^5 as E_a ≃ E + ξ m^2_a 2E , (2.58)

where E is the neutrino energy in the limit of zero mass. The corresponding momentum has modulus p_a ≃ E − (1 − ξ) m^2_a 2E . (2.59)

In the following we consider ⃗p_P = E_P⃗ℓ , (2.60) which corresponds to exact energy and momentum conservation in the production process in the case of massless neutrinos. It is possible to consider deviations from eq. (2.60) compatible with the inequality (2.54), but such deviations would entail a considerable complication of the formalism without further insights in the physical properties of neutrinos emitted in the process (2.3).

At zeroth order in m^2_a/E^2, eq. (2.45) imply

E = E_P . (2.61)

The solution of eq. (2.45) at first order in m^2_a/E^2 gives the value of ξ:

ξ = λ_P −⃗ℓ ·⃗v_P ( 1 −⃗ℓ ·⃗v_P )

λ_P + ( 1 −⃗ℓ ·⃗v_P )_2 . (2.62)

4It is still possible that the three active flavor neutrinos νe, νμ, ντ have very small mixing with heavy massive neutrinos that are not relativistic in some experiment. In this case, the heavy neutrino masses must be taken into account in the calculation of the production and detection rates of the heavy massive neutrinos, but the oscillations generated by the large mass differences between light and heavy neutrinos are too fast to be observable. Therefore, in practice it is sufficient to consider an incoherent mixture of light and heavy massive neutrinos that generate a constant flavor-changing transition probability. Also the mass differences between possible heavy neutrinos are expected to be too large to generate observable oscillations. Therefore, in the following we study the oscillations due to the mixing of the flavor neutrinos νe, νμ and ντ with light extremely relativistic massive neutrinos.

5 In principle it is possible to consider the approximation of almost degenerate but not relativistic neutrinos [26]. This approximation could be relevant in practice only if the three active flavor neutrinos νe, νμ and ντ mix with heavy and almost degenerate massive neutrinos, such that the small mass differences among heavy neutrinos generate observable oscillations. Since this possibility seems very unlikely, we do not consider the case of almost degenerate but not relativistic massive neutrinos. Notice, however, that a similar approximation is important in the analogous quantum-field-theoretical treatment of meson oscillations (see [13]).

– 11 –

Hence, the value of the parameter ξ that determines the average energy and momentum of the produced neutrino state depends on the characteristics of the production process through the quantities λ_P and ⃗v_P .

Using eqs. (2.55), (2.60) and the relativistic approximations (2.58), (2.59), with ξ given by eq. (2.62), we find

S^P_a (⃗p_a) = ( m^2_a 4Eσ_{pP} )_2 [

λ_P + ( 1 −⃗ℓ ·⃗v_P )_2]−1 . (2.63)

Hence, the condition (2.54) is satisfied if m^2_a ≲ σ_{pP} E √ λ_P + ( 1 −⃗ℓ ·⃗v_P )_2 (2.64)

for all values of a. This inequality shows that a finite momentum uncertainty σ_{pP} of the production process is necessary in order to produce coherently different extremely relativistic massive neutrino components.

The momentum and energy uncertainties in eqs. (2.51) and (2.53) can be estimated at zeroth order in m^2_a/E^2 inverting the symmetric matrix

Λ = 1 2σ^2_{pP} 1 + (^{vxP −1}) 2 λ_P (v^x_P −1)v^y_P λ_P (v^x_P −1)v^z_P λ_P (v^x_P −1)v^y_P λ_P 1 +

(v^y_P )^2 λ_P v^y_P v^z_P λ_P (v^x_P −1)v^z_P λ_P v^y_P v^z_P λ_P 1 +

(v^z_P )^2 λ_P . (2.65)

From the determinant

DetΛ = 1 (2σ^2_{pP} )^3 [ 1 + (v^x_P − 1)^2 + (v^y_P )^2 + (v^z_P )^2 λ_P ] , (2.66)

we obtain^6

⟨(δp^x)^2⟩_a ≃ 1 2 ( Λ^{−1} )_{xx} = σ^2_{pP}

1 +^{(vyP )2+(vzP )2} λ_P 1 +^{(vxP −1)2+(vyP )2+(vzP )2} λ_P , (2.67)

⟨(δp^y)^2⟩_a ≃ 1 2 ( Λ^{−1} )_{yy} = σ^2_{pP}

1 +^{(vxP −1)2+(vzP )2} λ_P 1 +^{(vxP −1)2+(vyP )2+(vzP )2} λ_P , (2.68)

⟨(δp^z )^2⟩_a ≃ 1 2 ( Λ^{−1} )_{zz} = σ^2_{pP}

1 +^{(vxP −1)2+(vyP )2} λ_P 1 +^{(vxP −1)2+(vyP )2+(vzP )2} λ_P , (2.69)

⟨(δE)^2⟩_a ≃ 1 2 ( Λ^{−1} )_{xx} = σ^2_{pP}

1 +^{(vyP )2+(vzP )2} λ_P 1 +^{(vxP −1)2+(vyP )2+(vzP )2} λ_P . (2.70)

6I would like to thank M. Beuthe for finding misprints in eqs. (2.68) and (2.69) in the first version of the paper appeared in the electronic archive hep-ph.

– 12 –

Thus, the momentum and energy uncertainties are of the order of σ_{pP} , the total momentum uncertainty in the production process, unless the factors in eqs. (2.67)–(2.70) depending on λ_P and ⃗v_P assume extreme values.

In order to illustrate the meaning of our results, in the following Subsections we consider as an example neutrino production in the pion decay process (2.4) at rest (⃗v_π+ = 0) in four cases. From eqs. (2.60) and (2.61), the energy and momentum of the neutrino and muon at zeroth order in m^2_a/E^2 are determined by energy-momentum conservation in the case of massless neutrinos:

E = p_μ+ = m^2_{π+} − m^2_{μ+} 2m_π+

≃ 29.8MeV , E_μ+ = m^2_{π+} + m^2_{μ+} 2m_π+

≃ 109.8MeV , (2.71)

leading to the muon velocity

v_μ+ = m^2_{π+} − m^2_{μ+} m^2_{π+} + m^2_{μ+}

≃ 0.27 . (2.72)

Equation (2.19) implies that the localized pion at rest has no energy uncertainty (at order σ_{pπ}+/m_π+). 2.1 Unlocalized production process In the limit σ_{pπ}+ → 0 , σ_{pμ}+ → 0 =⇒ σ_{pP} → 0 , (2.73)

the particles taking part to the production process and the production process itself are not localized.

In this case the condition (2.64) for the coherent production of different extremely relativistic massive neutrino components is not satisfied. Furthermore, no deviation from eq. (2.60) can satisfy the inequality (2.54) for more than one value of a, because in the limit (2.73) S^P_a (⃗p_a) becomes infinite, suppressing the production of ν_a unless

(⃗p_P −⃗p_a)^2 + 1 λ_P [E_P − E_a − (⃗p_P −⃗p_a) ·⃗v_P ]^2 = 0 . (2.74)

Taking into account the fact that λ_P is positive, eq. (2.74) can be satisfied only if both squares are zero, i.e. if ⃗p_P = ⃗p_a and E_P = E_a exactly. Since this constraint can be satisfied only for one value of the index a, only the corresponding massive neutrino is produced.

2.2 Unlocalized pion If the momentum of the pion is determined with high accuracy,

σ_{pπ}+ → 0 , (2.75)

the pion is unlocalized, σ_{xπ}+ → +∞ , (2.76)

and we have σ_{xP} = σ_{xμ}+ , (2.77)

– 13 – which imply (taking into account ⃗v_π+ = 0)

⃗v_P = ⃗v_μ+ = −⃗ℓv_μ+ , Σ_P = v^2_μ+ , λ_P = 0 . (2.78)

From eq. (2.62) we get ξ = 1 2 ( 1 − m^2_{π+} m^2_{μ+} ) ≃ 0.21 . (2.79)

This is the value of ξ given by exact energy-momentum conservation in the production process in the case of pion decay at rest and different muon momenta for each massive neutrino.

The condition (2.64) in this case reads

m^2_a ≲ σ_{pμ}+ E ( 1 + v_μ+ ) ∼ σ_{pμ}+ m_π+ . (2.80)

If the muon propagates in normal matter, one can estimate σ_{xμ}+ to be given approximately by the inter-atomic distance, σ_{xμ}+ ∼ 10^{−8} cm, which corresponds to σ_{pμ}+ ∼ 10^3 eV. Thus, the condition (2.80) numerically gives m^2_a ≲ 10^{11} eV^2, that is certainly satisfied.

The production process has a momentum uncertainty given by eq. (2.77), and an energy uncertainty v_μ+ σ_{pP} due to the muon. From Eqs. (2.67) and (2.70) one can see that in this case the massive neutrino components of the neutrino state (2.32) have no energy uncertainty and no momentum uncertainty along the direction ⃗ℓ of propagation. Hence, in this limiting case the energy and momentum uncertainties of the massive neutrino components of the neutrino state are rather different from the energy and momentum uncertainties of the production process. Only the uncertainties of the components of the momentum orthogonal to the direction of propagation, given by eqs. (2.68) and (2.69), are equal to the momentum uncertainty σ_{pP} of the production process. These uncertainties are actually necessary in order to localize the massive neutrino components along the direction of propagation.

2.3 Equal energy limit

In the limit in which the pion is localized but the final lepton is not localized,

σ_{xμ}+ → +∞ , (2.81)

we have σ_{xP} = σ_{xπ}+ , ⃗v_P = 0 , λ_P = Σ_P = 0 , (2.82)

which imply ξ = 0 . (2.83)

In this limit the different massive neutrino components have the same energy.

Since σ_{pP} = σ_{pπ}+ ≠ 0, the production process has a momentum uncertainty, but eq. (2.19) implies that both the pion and the muon have no energy uncertainty. From Eqs. (2.67) and (2.70) it follows that each massive neutrino component in the state (2.32) has definite energy and momentum along the direction of propagation, without any spread.

– 14 –

This is due to the fact that the relations (2.82) imply that S^P_a (⃗p) in eq. (2.34) is infinite, suppressing the production of ν_a, unless E_{νa} (⃗p) = E_P exactly. This constraint can be satisfied simultaneously for different values of the index a taking different values of ⃗p. The momentum uncertainty of the pion is necessary in order to allow the coherent production of a state with different massive neutrino components with different values of ⃗p. For each massive neutrino component there is only one energy E_a = E_P , equal for all components, and the corresponding momentum p_a = √ E^2_P − m^2_a. This implies that along the direction of propagation each massive neutrino component in the state (2.32) is a plane wave and not a wave packet.

Equations (2.68) and (2.69) imply that the uncertainties of the components of the momentum orthogonal to the direction of propagation are equal to σ_{pP} . These uncertainties are allowed because they generate an energy uncertainty of higher order in σ_{pP} /E_P , that has been neglected in our formalism. Actually, as we have already remarked in the discussion of the previous example, these uncertainties are necessary in order to localize the massive neutrino components along the direction of propagation.

The case under consideration has some similarity with the one considered in ref. [27] by Grimus and Stockinger, in which it was assumed that the particles that take part in the production process (as well as those participating to the detection process) are in bound states with definite energy or are described by plane waves with definite energy. Although the physical picture in ref. [27] is different from the example under consideration, in which the localized pion at rest is free, in both cases there is no energy uncertainty in the production process and different massive neutrino components have the same energy because of exact energy conservation. In this sense, the case considered in ref. [27] can be considered effectively as a limiting case of the general wave-packet treatment considered here, as done in ref. [26] comparing the model of ref. [27] with the wave-packet model with virtual intermediate neutrinos discussed in refs. [17, 18].

We think that in some cases it may be important to consider the fact that some particles are in bound states, but an appropriate description of such a case should take into account also the fact that the bound states (as atomic nuclei) are localized, leading to a wave packet description. We also think that the description of some particles taking part to the production (or detection) process by plane waves is unrealistic, because neutrinos are usually produced in dense media, where these particles are localized by interactions.

In conclusion of this subsection we would like to remark that, although the equal energy limit that we have considered is realizable in principle, we think that in practice it is rather unlikely since the pion (or in general the initial particle P_I ) must decay exactly at rest and the produced muon (or in general the final particles P_F and ℓ^+_α ) must be completely unlocalized. If the pion does not decay at rest in the reference frame of the observer, it is possible to boost the reference frame to the one in which the pion is at rest, but the pion velocity in the reference frame of the observer must be known with high accuracy. This information is usually not available, for example in the existing accelerator and atmospheric neutrino experiments in which neutrinos are produced by pion decay in flight.

– 15 –

2.4 Realistic case In a realistic experimental setup the localizations of the pion and muon are of the same order of magnitude. Indeed, the typical neutrino production in pion decay at rest^7 occurs in a medium, where both the pion and muon are localized by interactions with the surrounding atoms. Let us consider, for example,

σ_{xπ}+ ≃ σ_{xμ}+ ≃ 2σ_{xP} , (2.84)

which leads to ⃗v_P ≃ ⃗v_μ+ 2 = − v_μ+ 2 ⃗ℓ , Σ_P ≃ v^2_{μ+} 2 , λ_P ≃ v^2_{μ+} 4 . (2.85)

In this case we have ξ ≃ 1 2 ( 1 −^{m2π+}_{m2μ+} )

1 +^1_4 ( 1 +^{m2π+}_{m2μ+}

)_2 ≃ 0.13 . (2.86)

Hence we see that the value of ξ in a realistic situation is of the same order of magnitude as that in eq. (2.79), corresponding to exact energy-momentum conservation in the production process in the case of pion decay at rest and different muon momenta for each massive neutrino.

The condition (2.64) in this case becomes m^2_a ≲ σ_{pP} E √ 1 + v_μ+ + v^2_{μ+} 2 ∼ σ_{pμ}+ E . (2.87)

If the pion decay occurs in normal matter, σ_{xP} is given approximately by the inter-atomic distance, σ_{xP} ∼ 10^{−8} cm, corresponding to σ_{pP} ∼ 10^3 eV, the condition (2.87) numerically reads m^2_a ≲ 10^7 eV^2, that is certainly satisfied.

Since in this realistic case ⃗v_P and λ_P do not have extreme values, from eqs. (2.67)– (2.70) one can see that the energy and momentum uncertainties of the neutrino state are of the order of σ_{pP} , about 10^3 eV for pion decay in normal matter.

3. Detection

Let us consider neutrino detection through the charged-current weak process

ν_β + D_I → D_F + ℓ^−_β , (3.1)

at a space-time distance (⃗L, T ) from the production process.

7In accelerator experiments in which neutrinos are produced by pion decay in flight the localization of the pion and muon are given by the dimensions of the decay tunnel. In solar neutrino experiments electron neutrinos are produced in the core of the sun where all the particles taking part to the production process are localized by interactions with the dense medium. In atmospheric neutrino experiments neutrinos are produced by pion and muon decay in flight in the atmosphere, where pions, muons and electrons are localized by the interactions with air. In reactor neutrinos experiments electron antineutrinos are produced by the decays of heavy elements in the dense reactor core where the heavy nuclei and electrons are localized by interactions with the medium.

– 16 –

The state |ν_α⟩ in eq. (2.32) describes the neutrino produced in the process (2.3) at the origin of the space-time coordinates. Since we want to describe with the same formalism the detection of the neutrino through the process (3.1) occurring at a space-time distance (⃗L, T ) from the production process, we must translate the origin to the detection space-time point. Hence, the neutrino state relevant for the detection process is obtained by acting on |ν_α⟩ with the space-time translation operator exp(−i ^ET + i^⃗P · ⃗L), where ^E and ^⃗P are the energy and momentum operators, respectively. The resulting state is |ν_α(⃗L, T )⟩ = N_α ∑ a U^∗_{αa} ∫ d^3p exp ( −iE_{νa} (⃗p)T + i⃗p · ⃗L ) e^{−SPa (⃗p)} ∑ h A^P_a (⃗p, h)|ν_a(⃗p, h)⟩ . (3.2) The amplitude of interaction of the neutrino state |ν_α(⃗L, T )⟩ in the detection process (3.1) is A_{αβ}(⃗L, T ) = ⟨D_F , ℓ^−_β | − i ∫ d^4xH^D_I (x)|D_I , ν_α(⃗L, T )⟩ , (3.3)

where

H^D_I (x) = G_F √ 2 ℓ̄_β(x)γ^ρ (1 − γ_5) ν_β(x)J^D_ρ (x) = G_F √ 2 ∑ b U_{βb}ℓ̄_β(x)γ^ρ (1 − γ_5) ν_b(x)J^D_ρ (x) , (3.4)

is the effective interaction hamiltonian that describes the detection process, and J^D_ρ (x) is the weak charged current that describes the transition D_I → D_F .

For simplicity, we assume that the particles that take part to the detection process are described by the gaussian wave-packet states (2.8) with χ = D_I , D_F , ℓ^−_β . Using the neutrino state (3.2) and the Fourier expansion (2.20) for the lepton fields, respectively, we obtain A_{αβ}(⃗L, T ) ∝ ∑ a U^∗_{αa}U_{βa} ∫ d^4x ∑ h ∫ d^3pA^P_a (⃗p, h)e^{−SPa (⃗p)} exp [ −iE_{νa} (⃗p)T + i⃗p · ⃗L ] × × ∫ d^3p^′_{DF} ψ^∗_{DF} (⃗p^′_{DF} ;⃗p_{DF} , σ_{pDF} ) ∫ d^3p^′_ℓ−_β ψ^∗_ℓ−_β (⃗p^′_ℓ−_β ;⃗p_ℓ−_β , σ_ℓ−_β ) × × ∫ d^3p^′_{DI} ψ_{DI} (⃗p^′_{DI} ;⃗p_{DI} , σ_{pDI} )ū_ℓ−_β (⃗p_ℓ−_β , h_ℓ−_β )γ^ρ (1 − γ_5) u_{νa} (⃗p, h) × ×J^D_ρ (⃗p^′_{DF} , h_{DF} ;⃗p^′_{DI} , h_{DI} )e i(p^′_{DF} +p^′_{ℓ−} β −p^′_{DI} −⃗p)x , (3.5)

where p^0 = E_{νa} (⃗p), p^{′0}_{DI} = E_{DI} (⃗p^′_{DI} ), p^{′0}_{DF} = E_{DF} (⃗p^′_{DF} ), p^{′0}_{ℓ−β} = E_ℓ−_β (⃗p^′_ℓ−_β ), and J^D_ρ (⃗p^′_{DF} , h_{DF} ; ⃗p^′_{DI} , h_{DI} ) = ⟨D_F (⃗p^′_{DF} , h_{DF} )|J^D_ρ (0)|D_I (⃗p^′_{DI} , h_{DI} )⟩. Following the same method as that used for the production process (see eq. (2.24)), we perform the integrals over d^3p^′_{DF} , d^3p^′_{ℓ−β} and

– 17 – d^3p^′_{DI} with a saddle-point approximation through the approximation (2.12), obtaining A_{αβ}(⃗L, T ) ∝ ∑ a U^∗_{αa}U_{βa} ∑ h ∫ d^3pA^P_a (⃗p, h)A^D_a (⃗p, h)e^{−SPa (⃗p)} exp [ −iE_{νa} (⃗p)T + i⃗p · ⃗L ] ×

× ∫ d^4x exp [ −i(E_{νa} (⃗p) − E_D)t + i(⃗p −⃗p_D)⃗x − ⃗x^2 − 2⃗v_D · ⃗xt + Σ_Dt^2 4σ^2_{xD} ] ,(3.6)

with

E_D ≡ E_{DF} + E_ℓ−_β − E_{DI} , (3.7) ⃗p_D ≡ ⃗p_{DF} +⃗p_ℓ−_β −⃗p_{DI} , (3.8) 1 σ^2_{xD} ≡ 1 σ^2_{xDI} + 1 σ^2_{xDF} + 1 σ^2_{xℓ−β} , (3.9)

⃗v_D ≡ σ^2_{xD} ⃗v^{DI} σ^2_{xDI} + ⃗v_{DF} σ^2_{xDF} + ⃗v_ℓ−_β σ^2_{xℓ−β} , (3.10)

Σ_D ≡ σ^2_{xD} ⃗v^{2DI} σ^2_{xDI} + ⃗v^2_{DF} σ^2_{xDF} + ⃗v^2_ℓ−_β σ^2_{xℓ−β} , (3.11)

A^D_a (⃗p, h) ≡ ū_ℓ−_β (⃗p_ℓ−_β , h_ℓ−_β )γ^ρ (1 − γ_5) u_{νa} (⃗p, h)J^D_ρ (⃗p^′_{DF} , h_{DF} ;⃗p^′_{DI} , h_{DI} ) . (3.12)

As expected, the overall spatial width σ_{xD} of the production process is dominated by the smallest among the spatial widths of the participating particles. As the corresponding quantities in the production process, |⃗v_D| and Σ_D are limited by

0 ≤ |⃗v_D| ≤ 1 , 0 ≤ Σ_D ≤ 1 . (3.13)

The gaussian integral over d^4x leads to A_{αβ}(⃗L, T ) ∝ ∑ a U^∗_{αa}U_{βa} ∑ h ∫ d^3pA^P_a (⃗p, h)A^D_a (⃗p, h)e^{−Sa(⃗p)} exp [ −iE_{νa} (⃗p)T + i⃗p · ⃗L ] , (3.14) where S_a(⃗p) = S^P_a (⃗p) + S^D_a (⃗p) , (3.15)

and S^D_a (⃗p) has the same structure as S^P_a (⃗p) given in eq. (2.34), with the quantities relative to the production process replaced by the corresponding ones relative to the detection process: S^D_a (⃗p) ≡ (⃗p_D −⃗p)^2 4σ^2_{pD} + [(E_D − E_{νa} (⃗p)) − (⃗p_D −⃗p) ·⃗v_D]^2 4σ^2_{pD}λ_D , (3.16)

with λ_D ≡ Σ_D −⃗v^2_D , (3.17)

limited by 0 ≤ λ_D ≤ 1 , (3.18)

– 18 – and the momentum uncertainty σ_{pD} defined by σ_{xD} σ_{pD} = 1 2 , (3.19)

which is dominated by the largest of the momentum uncertainties of D_I , D_F and ℓ^−_β :

σ^2_{pD} = σ^2_{pDI} + σ^2_{pDF} + σ^2_{pℓ}−_β . (3.20)

In general the dominant momentum contribution to the integration over d^3p (3.14) does not come from the stationary point of S^P_a (⃗p), but from the stationary point of S_a(⃗p), which takes into account also the momentum and energy uncertainties of the detection process. If these uncertainties are smaller than those of the production process, the detection process picks up as dominant contribution to the flavor-changing amplitude (3.14) a value of the neutrino momentum in the wave packet (3.2) that is significantly different from ⃗p_a, which corresponds to the stationary point of S^P_a (⃗p).

We denote by ⃗k_a the momentum corresponding to the stationary point of S_a(⃗p), ∂S_a ∂⃗p | | ⃗p=⃗k_a = 0 , (3.21)

which gives the dominant contribution to the transition amplitude (3.14). The value of ⃗k_a is given by ⃗p_P − ⃗k_a σ^2_{pP} + E_P − ε_a − ( ⃗p_P − ⃗k_a ) ·⃗v_P σ^2_{pP} λ_P (⃗u_a −⃗v_P ) +

+ ⃗p_D − ⃗k_a σ^2_{pD} + E_D − ε_a − ( ⃗p_D − ⃗k_a ) ·⃗v_D σ^2_{pD} λ_D (⃗u_a −⃗v_D) = 0 , (3.22)

with

ε_a ≡ E_{νa} (⃗k_a) = √ ⃗k^2_a + m2_a , (3.23) ⃗u_a ≡ ∂E_{νa} (⃗p) ∂⃗p | | ⃗p=⃗k_a = ⃗k_a ε_a . (3.24)

We have chosen the notation ⃗k_a, ε_a and ⃗u_a in order to emphasize that in general these quantities are not the average momenta, energies and velocities of the neutrino wave packets propagating between production and detection, denoted by ⃗p_a, E_a and ⃗v_a, which are determined only by the production process, as follows from Eqs. (2.45)–(2.47). The quantities ⃗k_a, ε_a and ⃗u_a are approximately equal to the average neutrino wave packets momenta, energies and velocities ⃗p_a, E_a and ⃗v_a only if σ^2_{pD} ≫ σ^2_{pP} and σ^2_{pD} λ_D ≫ σ^2_{pP} λ_P . In other words, the properties of the neutrino wave packets can be measured only with a detection process having a relatively large momentum and energy uncertainty, which correspond to a relatively sharp spatial and temporal localization.

– 19 –

Before solving eq. (3.22), we notice that the amplitude (3.14) is not suppressed only if

S_a(⃗k_a) ≲ 1 (3.25)

for all values of a. The inequality (3.25), together with eq. (3.22), constraint the possible values of ⃗k_a, ⃗p_P , E_P , ⃗p_D and E_D. Since both S^P_a (⃗k_a) and S^D_a (⃗k_a) are positive, we have the conditions S^P_a (⃗k_a) ≪ 1 and S^D_a (⃗k_a) ≪ 1 for all values of a. The first inequality is similar to the condition (2.54), but now it concerns the momenta ⃗k_a and energies ε_a that are relevant for the flavor transition amplitude (3.14).

Similarly to what we have done in the discussion of the production process (see eq. (2.60)), we consider

⃗p_P = E_P⃗ℓ , ⃗p_D = E_D⃗ℓ , E_P = E_D , (3.26)

which corresponds to exact energy and momentum conservation in the production and detection processes in the case of massless neutrinos. Here ⃗ℓ ≡ ⃗L/|⃗L| is the unit vector in the direction of propagation of the neutrino from the production to the detection processes. It is possible to consider deviations from the relations (3.26) compatible with the inequality (3.25), but such deviations would introduce many complications in the following formalism, without further insights in the physics of neutrino oscillations.

Equation (3.22) implies that the massive neutrino momenta ⃗k_a must be aligned in the ⃗ℓ direction:

⃗k_a = k_a⃗ℓ . (3.27)

We solve eq. (3.22) in the relativistic approximation ε_a ≃ E + ρ m^2_a 2E , (3.28) k_a ≃ E − (1 − ρ) m^2_a 2E . (3.29)

At zeroth order in m^2_a/E^2 we obtain

E = E_P = E_D , (3.30)

and at first order ρ = 1 σ^2_p − ⃗ℓ·⃗v_P (1−⃗ℓ·⃗v_P ) σ^2_{pP} λ_P − ⃗ℓ·⃗v_D(1−⃗ℓ·⃗v_D) σ^2_{pD} λ_D 1 σ^2_p + (1−^⃗ℓ·⃗vP )^2 σ^2_{pP} λ_P + (^⃗ℓ·⃗vD −1)^2 σ^2_{pD}λ_D , (3.31)

with 1 σ^2_p = 1 σ^2_{pP} + 1 σ^2_{pD} . (3.32)

Notice that in the production and detection processes the squared momentum uncertainties add, as shown in Eqs. (2.27) and (3.9), whereas in the total amplitude the inverses of the squared momentum uncertainties of the production and detection processes add. This is expected on the basis of simple physical arguments. Indeed, a large momentum uncertainty of a particle must increase the total momentum uncertainty in the corresponding

– 20 – process, whereas a small momentum uncertainty in one of the two processes constraints the momentum uncertainty of the neutrino connecting the two processes leading to a restriction of the momentum uncertainty in the other process. On the other hand, in the production and detection processes the inverses of the squared space uncertainties add (see eqs. (2.27) and (3.9)), whereas in the total amplitude the squared space uncertainties of the production and detection processes add:

σ^2_x = σ^2_{xP} + σ^2_{xD} , (3.33)

with σ_x defined by the relation

σ_xσ_p = 1 2 . (3.34)

Also the behavior in eq. (3.33) is expected on the basis of simple physical arguments: a small space uncertainty of a particle localizes better the corresponding process, whereas a large space uncertainty of one of the two processes increases the coherence of the overall process.

In the relativistic approximation S_a(⃗k_a) is given by

S_a(⃗k_a) = ζ ( m^2_a 4Eσ_p )_2

, (3.35)

with

ζ= 1 σ^2_p ( 1 σ^2_{pP} λ_P + 1 σ^2_{pD}λ_D ) + (_{1−⃗ℓ·⃗v} P σ^2_{pP} λ_P + 1−⃗ℓ·⃗v_D σ^2_{pD} λ_D )_2 + [^{⃗ℓ·(⃗vP −⃗vD)}] 2 σ^2_{pP} λ_P σ^2_{pD} λ_D ( 2+^{σ2p}_{σ2pP} (^{1−⃗ℓ·⃗vP} ) 2 λ_P + σ^2_p σ^2_{pD} (1−^⃗ℓ·⃗vD )^2 λ_D ) [ 1 σ^2_p + (1−^⃗ℓ·⃗vP )^2 σ^2_{pP} λ_P + (1−^⃗ℓ·⃗vD )^2 σ^2_{pD} λ_D ]_2 .

(3.36) It follows that in the relativistic approximation the condition (3.25) reads

m^2_a ≲ σ_pEζ^{−1/2} . (3.37)

If this inequality is satisfied for all values of the index a, the choices (3.26) are acceptable and the different extremely relativistic massive neutrino components contribute coherently to the flavor-changing transition amplitude.

Let us return to the calculation of the transition amplitude. The integral over d^3p in eq. (3.14) can be performed with a saddle-point approximation around the stationary point ⃗k_a of S_a(⃗p), leading to

A_{αβ} (⃗L, T ) ∝ ∑ a U^∗_{αa}U_{βa} ∑ h A^P_a (⃗k_a, h)A^D_a (⃗k_a, h) √ DetΩ_a e^{−Sa(⃗ka)} × exp [ −iε_aT + i⃗k_a · ⃗L − 1 2 ( L^j − u^j_aT ) (Ω^{−1}_a )^{jk} ( L^k − u^k_aT )] , (3.38)

– 21 – where Ω^{jk}_a ≡ ∂^2S_a(⃗p) ∂p^j∂p^k | | |_{⃗p=⃗ka}

= δ^{jk} 2σ^2_p + ( v^j_P − u^j_a ) ( v^k_P − u^k_a ) 2σ^2_{pP} λ_P − [ (E_P − ε_a) − ( ⃗p_P − ⃗k_a ) ·⃗v_P ] 2σ^2_{pP} λ_P δ^{jk} − u^j_au^k_a ε_a + ( v^j_D − u^j_a ) ( v^k_D − u^k_a ) 2σ^2_{pD}λ_D − [ (E_D − ε_a) − ( ⃗p_D − ⃗k_a ) ·⃗v_D ] 2σ^2_{pD}λ_D δ^{jk} − u^j_au^k_a ε_a . (3.39)

The factors − 1 2 ( L^j − u^j_aT ) (Ω^{−1}_a )^{jk} ( L^k − u^k_aT ) (3.40)

in the exponential of eq. (3.38) do not suppress the transition amplitude only if ⃗L is aligned with the common direction ⃗ℓ of the momenta ⃗k_a, apart from a deviation of the order of Ω_a/L, which is very small if the localizations of the production and detection processes are much smaller than the source-detector distance, a condition which is necessary for the observation of neutrino oscillations and which is satisfied in all neutrino oscillation experiments. Therefore, we consider ⃗L = L⃗ℓ and we align ⃗ℓ along the direction of the x axis. Thus, the amplitude (3.38) can be written as A_{αβ}(⃗L, T ) ∝ ∑ a U^∗_{αa}U_{βa} ∑ h A^P_a (⃗k_a, h)A^D_a (⃗k_a, h) √ DetΩ_a e^{−Sa(⃗ka)} exp [ −iε_aT +ik_aL− (L−u_aT )^2 4η^2_a ] , (3.41) where η_a ≡ √ 1 2(Ω^{−1}_a )^{xx}

(3.42)

are the spatial coherence widths.

In the relativistic approximation the product A^P_a (⃗k_a, +)A^D_a (⃗k_a, +) corresponding to the positive helicity component of the massive neutrino ν_a is suppressed by the ratio m^2_a/E^2 with respect to the product A^P_a (⃗k_a, −)A^D_a (⃗k_a, −) corresponding to the negative helicity component and can be neglected. In the same approximation, the factors A^P_a (⃗k_a, −)A^D_a (⃗k_a, −) √ DetΩ_a e^{−Sa(⃗ka)} , (3.43) can be approximated with their value in the case of massless neutrinos, can be extracted out of the sum over the index a and absorbed in the overall normalization factor of the flavor transition amplitude. The factorization of these quantities allows the calculation of the flavor transition amplitude independently from the production and detection rates. The oscillation probability obtained from this flavor transition amplitude can be used in the usual calculations of event rates in neutrino oscillation experiments, given by the product of the neutrino flux calculated for massless neutrinos, times the oscillation probability, times the detection cross section calculated for massless neutrinos (see [8]–[11]).

– 22 –

It is important to notice, however, that a special care is needed for the factors e^{−Sa(⃗ka)}, to make sure that they do not suppress the contribution of the corresponding massive neutrino component. The factors e^{−Sa(⃗ka)} can be approximated with their value in the case of massless neutrinos only if S_a(⃗k_a) ≪ 1 (3.44) for all values of the index a. Hence, the condition (3.37) must be strengthened to

m^2_a ≪ σ_pEζ^{−1/2} (3.45)

for all values of a. Let us emphasize that this condition is necessary for the unsuppressed production and detection of the different extremely relativistic massive neutrino components whose interference generates neutrino oscillations. In principle, it is possible to consider degenerate neutrinos for which the massless approximation is not appropriate, but as noted in footnote 5, this case is likely to be irrelevant in practice. In any case, considering a case in which the massless approximation is not appropriate would require the inclusion of the neutrino mass effect, which are normally neglected, in the calculation of the production and detection rates.

If the condition (3.45) is satisfied for all values of a, the transition amplitude in the relativistic approximation can be written as A_{αβ}(⃗L, T ) ∝ ∑ a U^∗_{αa}U_{βa} exp [ −iε_aT + ik_aL − (L − u_aT )^2 4η^2 ] . (3.46)

Here ε_a and k_a are given by their relativistic approximations (3.28) and (3.29), and u_a ≃ 1 − m^2_a 2E^2

. (3.47)

The coherence widths η_a have been approximated with their value η at zeroth order in m^2_a/E^2.

The value of η is given by the inversion of the zeroth order approximation in m^2_a/E^2 of the symmetric matrix Ω_a in eq. (3.39),

Ω^{jk}_a = δ^{jk} 2σ^2_p + ( v^j_P − δ^{jx} ) ( v^k_P − δ^{kx} ) 2σ^2_{pP} λ_P + ( v^j_D − δ^{jx} ) ( v^k_D − δ^{kx} ) 2σ^2_{pD}λ_D + O ( m^2_a E^2 ) . (3.48)

We obtained η^2 = ωσ^2_x , (3.49) with ω = { 1 + σ^2_p [ (v^x_P − 1)^2 + (v^y_P )^2 + (v^z_P )^2 σ^2_{pP} λ_P + (v^x_D − 1)^2 + (v^y_D)^2 + (v^z_D)^2 σ^2_{pD}λ_D ]

+σ^4_p [ (v^x_P −1) v^y_D− (v^x_D−1) v^y_P

]_2

+ [(v^x_P −1) v^z_D− (v^x_D−1) v^z_P ]^2 + ( v^y_P v^z_D−v^z_P v^y_D )_2

σ^2_{pP} λ_P σ^2_{pD}λ_D } ×

× { 1 + σ^2_p [ (v^y_P )^2 + (v^z_P )^2 σ^2_{pP} λ_P + (v^y_D)^2 + (v^z_D)^2 σ^2_{pD}λ_D ] + σ^4_p ( v^y_P v^z_D − v^z_P v^y_D )_2

σ^2_{pP} λ_P σ^2_{pD}λ_D }_{−1} . (3.50)

– 23 –

Let us notice that the width η obtained in eq. (3.49) is somewhat different from the corresponding width obtained in ref. [18]. The difference stems from the fact that Ω_a in eq. (3.39) is a matrix, because of the integration over d^3p in eq. (3.14), whereas the width in eq. (18) of ref. [18] is a number obtained from the integration over dq^0 in eq. (15) of ref. [18].

In the limit σ_{pP} ≪ σ_{pD} the total momentum uncertainty σ_p and the coherence width η are dominated by the production process, and ρ ≃ ξ, with ξ given in eq. (2.62). This happens if the production process is much less localized than the detection process. In this case ⃗k_a ≃ ⃗p_a, the average momentum of the massive neutrino component ν_a of the state |ν_α⟩ created in the production process. In other words, if the detection process is much more localized than the production process, i.e. if the momentum uncertainty of the detection process is much larger than that of the production process, the transition amplitude (3.46) depends only on the properties of the neutrino created in the production process.

However, in general, σ_p, η and ρ depend on both the production and detection processes and in the limit σ_{pD} ≪ σ_{pP} , in which the detection process is much less localized than the production process, they are dominated by the detection process.

The present derivation of the transition amplitude in neutrino oscillation experiments is more complete than the simple quantum-mechanical model presented in refs. [15, 16], in which the energies and momenta of the massive neutrino components contributing to the transition amplitude are undetermined and have to be assumed.

Formally, the transition amplitude (3.14) can be derived by projecting the state |ν_α(⃗L, T )⟩ in eq. (3.2) on the state |ν_β⟩ = N_β ∑ a U^∗_{βa} ∫ d^3pe^{−SDa (⃗p)} ∑ h A^D_a (⃗p, h)|ν_a(⃗p, h)⟩ , (3.51) representing the detection process: A_{αβ} (⃗ L, T ) ∝ ⟨ν_β|ν_α (⃗ L, T ) ⟩ , (3.52)

as in the quantum-mechanical derivation of the flavor transition probability in neutrino oscillation experiments. However, the calculation of the coefficients of the massive neutrino components in the states |ν_α(⃗L, T )⟩ and |ν_β⟩ require the quantum field theoretical framework that we have adopted.

4. Transition probability

In this section we calculate and discuss the transition probability in space obtained from the average of P_{αβ} (⃗ L, T ) ∝ |A_{αβ} (⃗ L, T ) |^2 (4.1) over the unmeasured propagation time T , as done in refs. [15]–[18]. Let us notice, however, that although in present neutrino oscillation experiments only the source-detector distance L is known, in the future it may be possible to measure also the propagation time T , leading to the experimental relevance of the space-time dependent transition probability (4.1) (see refs. [43, 44]).

– 24 –

From the gaussian integration over dT of P_{αβ} (⃗L, T ), in the relativistic approximation we obtain^8 P_{αβ} (⃗L) = ∑ a |U_{αa}|^2|U_{βa}|^2 + (4.2)

+2Re ∑ a>b U^∗_{αa}U_{βa}U_{αb}U^∗_{βb} exp [ −2πi L L^{osc}_{ab} − ( L L^{coh}_{ab}

)_2 −2π^2ρ^2ω ( σ_x L^{osc}_{ab}

)_2] ,

where L^{osc}_{ab} = 4πE |Δm^2_{ab}| (4.3)

are the oscillation lengths, and

L^{coh}_{ab} = 4 √ 2ωE^2 |Δm^2_{ab}| σ_x (4.4)

are the coherence lengths.

The transition probability (4.2) has the same form as that obtained in ref. [18] in quantum field theory with virtual propagating neutrinos. The value of ρ in quantum field theory with virtual propagating neutrinos, derived in ref. [26], is the same as the one derived here (see eq. (3.31)). Instead, the value of ω is somewhat different from that derived in ref. [18], as already remarked after eq. (3.50).

The last term in the exponential of the transition probability (4.2) suppresses the corresponding oscillatory term unless the localization of the production and detection processes is much smaller than the oscillation length,

σ_x ≪ L^{osc}_{ab} . (4.5)

This is due to the average of the transition probability (4.1) over the unmeasured propagation time T . Indeed, a spatial uncertainty σ_x imply a similar time uncertainty, as one can understand from the relation between the energy and momentum uncertainties in eq. (2.19), or by noticing that the spatial region in which a process can occur coherently must be causally connected. If the time uncertainty, of the order of σ_x, is larger than the oscillation length, the average of an oscillatory term over the propagation time T is an average over all oscillation phases which depend on T , and the result is zero.

However, as discussed in ref. [26], the condition (4.5) for the observability of neutrino oscillations is not necessary if ρ^2ω = 0 . (4.6)

As shown in the example presented in subsection 4.2, this can be obtained with ρ = 0. In this case, since the different massive neutrino components have the same energy ε_a = E, the oscillation phases do not depend on T and the average over T of the space-time dependent transition probability (4.1) has no effect. Furthermore, in this case the coherence lengths L^{coh}_{ab} in eq. (4.4) can be increased without limit [26]. However, one must notice that

8We order the massive neutrinos by increasing mass: m1 ≤ m2 ≤ . . .. In this way the Δm^2_{ab}’s in the sum over a > b are all positive.

– 25 – this unlimited increase must be obtained by increasing ω and not σ_x, because an unlimited increase of σ_x would bring σ_p → 0 and a violation of the condition (3.45) necessary for the coherent production of the different massive neutrino components whose interference generates the oscillations.

In the following Subsections we consider three cases analogous to those considered in Subsections 2.1, 2.3 and 2.4, that illustrate the effects of the detection process. In all these cases we consider the initial detection particle D_I at rest (⃗v_{DI} = 0).

4.1 Unlocalized detection process

If the particles taking part to the detection process are unlocalized, we have the limit σ_{pDI} → 0 , σ_{pDF} → 0 , σ_{pℓ}−_β → 0 =⇒ σ_{pD} → 0 =⇒ σ_p → 0 . (4.7) In this case the condition (3.37) is not satisfied. Moreover, similarly to the case of an unlocalized production process discussed in subsection 2.1, no deviation from eq. (3.26) can satisfy the inequality (3.25) for more than one value of a. Indeed, in the limit (4.7) S^D_a (⃗k_a) becomes infinite and suppresses the production of ν_a unless ( ⃗p_D − ⃗k_a )_2 + 1 λ_D [ E_D − ε_a − ( ⃗p_D − ⃗k_a ) ·⃗v_D ]_2 = 0 . (4.8)

Since λ_D is positive, eq. (4.8) can be satisfied only if both squares are zero, i.e. if ⃗p_D = ⃗k_a and E_D = ϵ_a exactly. Since this constraint can be satisfied only for one value of the index a, only the corresponding massive neutrino is detected and there are no oscillations, which are due to the interference of different massive neutrino components.

4.2 Equal energy limit

Let us consider a localized initial detection particle D_I at rest, and unlocalized final detection particles, σ_{pDF} = σ_{pℓ}−_β = 0 , (4.9)

which imply σ_{pD} = σ_{pDI} , ⃗v_D = 0 , λ_D = Σ_D = 0 . (4.10)

In this case, eq. (2.19) implies that all the detection particles have no energy uncertainty.

Equation (3.31) gives ρ = 0 . (4.11)

Hence, the detection process picks up the momenta ⃗k_a of the different massive neutrino components of the state |ν_α(⃗L, T )⟩ in eq. (3.2) corresponding to the same energy ε_a = E, corresponding to exact energy conservation in the detection process. These momenta are different from the average momenta ⃗p_a of the massive neutrino wave packets that constitute the state |ν_α(⃗L, T )⟩, which are given by eq. (2.45), unless the conditions of subsection 2.3 are satisfied by the production process.

– 26 –

From eq. (3.36) we find

ζ = 1 + σ^2_p σ^2_{pP} ( ⃗ℓ ·⃗v_P )_2 λ_P . (4.12)

Thus, the condition (3.45) can be satisfied by a sufficiently large σ_p.

Since the values in eq. (4.10) imply that

ω → +∞ , (4.13)

in the case under consideration L^{coh}_{ab} → +∞ , (4.14)

i.e. the oscillations remain coherent at arbitrarily large distances. In agreement with the arguments presented in ref. [26], the last term in the exponential of eq. (4.2) does not suppress the oscillations because ρ^2ω = 0 . (4.15)

Physically, the infinity of the coherence lengths is due to the fact that the detection process picks up the momentum components with equal energy of the different massive neutrino components. In this case there are no oscillations in time and the average over time of the space-time dependent transition probability is irrelevant.

Notice, however, that the coherence lengths are infinite because of the infinity of ω, whereas the uncertainty σ_x has to be finite in order to satisfy the condition (3.45) necessary for the coherent production and detection of the different massive neutrino components.

As we have remarked in subsection 2.3 for the similar limit in the case of the production process, the required conditions (⃗v_{DI} = 0 and eq. (4.9)) are unlikely to be achieved in any realistic experiment. We think that in the case of the detection process the required conditions are even more unlikely to be achieved than in the case of the production process, because neutrino detection requires in practice to reveal at least one of the final particles in the detection process. This implies that these particles cannot be unlocalized and the condition (4.9) is unrealistic.

4.3 Realistic case

In a realistic case production and detection occur in matter and all the detection particles have uncertainties of the same order of magnitude, as well as all the production particles, as we have discussed in subsection 2.4. Let us consider, for example, the case in which the order of magnitude of the spatial localization of the detection particles is much larger than that of the production particles: σ_{xDI} ≃ σ_{xDF} ≃ σ_{xℓ}−_β ≃ 3σ_{xD} ≫ 3σ_{xP} ≃ σ_{xPI} ≃ σ_{xPF} ≃ σ_{xℓ}+_α , (4.16) which imply that the momentum uncertainty of the detection process is much smaller than that of the production process, and ⃗v_D ≃ 1 3 ( ⃗v_{DI} +⃗v_{DF} +⃗v_ℓ−_β ) , Σ_D ≃ 1 3 ( ⃗v^2_{DI} +⃗v^2_{DF} +⃗v^2_ℓ−_β ) . (4.17)

– 27 –

Let us consider, for example, a muon neutrino (α = μ) produced in the pion decay process (2.4) at rest and detected as an electron neutrino (β = e) in the process

ν_e +^{12}C →^{12}N_{g.s.} + e^− , (4.18)

where^{12}N_{g.s.} is the ground state of^{12}N, with an atomic mass excess ΔM(^{12}N) ≃ 17.3 MeV. Neglecting the nuclear recoil energy, the energy of the electron is given by

E_e− ≃ E − ΔM(^{12}N) ≃ 12.5MeV , (4.19)

where E is the energy of a massless neutrino given in eq. (2.71). Let us consider a recoil electron emitted in the backward direction: ⃗v_e− = −⃗ℓ|⃗v_e− | . (4.20) Since |⃗v_{DF} | ≃ |⃗v_{DI} | = 0 and |⃗v_e− | ≃ 1, we have ⃗v_D ≃ − 1 3 ⃗ℓ , Σ_D ≃ 1 3 , λ_D ≃ 1 9 . (4.21)

From eq. (3.31) we get ρ ≃ λ_D −⃗ℓ ·⃗v_D ( 1 −⃗ℓ ·⃗v_D )

λ_D + ( ⃗ℓ ·⃗v_D − 1 )_2 ≃ 0.29 . (4.22)

This value of ρ is different from the value of ξ in eq. (2.86), albeit of the same order of magnitude. Therefore, the energies and momenta of the massive neutrino contributions to the flavor transition amplitude (3.46) are different from the average energies and momenta of the massive neutrino components of the neutrino state created in the production process.

From eq. (3.50) we obtain ω ≃ λ_D + (v^x_D − 1)^2 + (v^y_D)^2 + (v^z_D)^2

λ_D + (v^y_D)^2 + (v^z_D)^2

≃ 17 , (4.23)

and from eq. (4.4) we obtain the coherence lengths

L^{coh}_{ab} ≃

2 × 10^{16}eV^2 |Δm^2_{ab}| σ_{xD} . (4.24)

If |Δm^2_{ab}| ∼ 1eV^2 and σ_{xD} is given approximately by the inter-atomic distance, σ_{xD} ∼ 10^{−8} cm, we have L^{coh}_{ab} ∼ 10^3 km, a sufficiently long coherence distance for short-baseline neutrino oscillation experiments.

From eq. (3.36) we find that ζ is approximately given by ζ ≃ λ_D λ_D + ( 1 −⃗ℓ ·⃗v_D )_2 ≃ 0.53 , (4.25)

and the condition (3.45) is satisfied for

m^2_a ≪ ( 10^7eV ) σ_{pD} . (4.26)

If σ_{xD} is given approximately by the inter-atomic distance, we have σ_{pD} ∼ 10^3 eV and the inequality (2.54) reads m^2_a ≪ 10^{10} eV^2, that is certainly satisfied.

– 28 –

5. Conclusions

We have presented a quantum-field-theoretical model of neutrino oscillations in which the neutrino propagating between the production and detection processes is described by the wave-packet state (2.32), which is determined by the production process as naturally expected from causality. Since in real oscillation experiments neutrinos propagate over macroscopically large distances, we think that this model is preferable over the quantum-field-theoretical model of neutrino oscillations with virtual intermediate neutrinos presented in refs. [17, 18].

We have considered production and detection processes of the form (2.3) and (3.1) (other types of production and detection processes can be considered with straightforward changes to the formalism) in which the interacting particles are described by localized wave packets. The gaussian form of the wave packets of interacting particles that we have adopted should be considered as an approximation of the real wave packets. In any case, other wave packets which are sharply peaked around their average momentum lead to the same results, because these results depend on several integrations that are calculated with the saddle-point approximation.

We have obtained the flavor transition probability, presented in eq. (4.2), that is almost identical to the one derived in the quantum-field-theoretical model with virtual intermediate neutrinos [18]. Only the quantity ω, given in eq. (3.50), is somewhat different from the corresponding one in ref. [18].

As already discussed in refs. [18, 26], the flavor transition probability is determined not only by the production process, but also by the detection process [24]. In particular, we have shown that the energies and momenta of the massive neutrino components relevant for the oscillations are in general different from the average energies and momenta of the massive neutrino components of the propagating neutrino state, which are determined only by the production process.

Our result confirms the correctness of the standard expression (4.3) for the oscillation lengths of extremely relativistic neutrinos and the existence of coherence lengths given by eq. (4.4). We agree with the author of ref. [26] on the possibility to extend without limit the coherence length with an appropriate setup of the detection process. We have shown that the coherence length cannot be increased without limit by decreasing the momentum uncertainty of the detection (or production) process, because a vanishing momentum uncertainty does not allow the coherent detection (or production) of different massive neutrino components. Instead, the coherence length can be increased without limit by choosing a detection (or production) process such that ρ, given in eq. (3.31), is zero and ω, given in eq. (3.50), is infinite. As discussed for the example presented in subsection 4.2, in practice the possibility to increase without limit the coherence length is rather unrealistic. As shown in subsection 4.3, in a realistic experimental setup the coherence length is very long, but not infinite.

Finally, let us recall the important remark presented at the end of the introductory section 1. In this paper we have assumed that the particles P_I , P_F and ℓ^+_α participating to the neutrino production process (2.3) are described by the pure wave-packet states (2.8)

– 29 – in which all their properties are determined. In practice it is common that the knowledge of these properties is less than complete. In this case the particles P_I , P_F and ℓ^+_α must be described by statistical operators (density matrices) constructed from appropriate incoherent mixtures of the pure wave-packet states (2.8). Consequently, the neutrino created in the production process must be described by a statistical operator constructed from an incoherent mixture of the pure wave-packet states (2.32). Similarly, if there is incomplete knowledge of the properties of the particles P_I , P_F and ℓ^+_α and the particles D_I , D_F and ℓ^−_β participating, respectively, to the production and detection processes, the oscillation probability is given by an appropriate average of the probability in eq. (4.2) over the unknown quantities.

Acknowledgments

I would like to thank S.M. Bilenky for stimulating discussions and enlightening remarks, and C.W. Kim for a long and fruitful collaboration on the study of the theory of neutrino oscillations. I am specially indebted with M. Beuthe for his remarks concerning the energy uncertainty of wave packets, that helped to correct several wrong equations in the first version of the paper appeared in the electronic archive hep-ph.

References

[1] T. Kajita and Y. Totsuka, Observation of atmospheric neutrinos, Rev. Mod. Phys. 73 (2001) 85. [2] SNO collaboration, Q.R. Ahmad et al., Measurement of the charged current interactions produced by b-8 solar neutrinos at the sudbury neutrino observatory, Phys. Rev. Lett. 87 (2001) 071301 [nucl-ex/0106015].

[3] G.L. Fogli, E. Lisi, D. Montanino and A. Palazzo, Model-dependent and independent implications of the first sudbury neutrino observatory results, Phys. Rev. D 64 (2001) 093007 [hep-ph/0106247].

[4] C. Giunti, Are there ν_μ or ν_τ in the flux of solar neutrinos on earth?, Phys. Rev. D 65 (2002) 033006 [hep-ph/0107310].

[5] J.N. Bahcall, How many sigma’s is the solar neutrino effect?, Phys. Rev. D 65 (2002) 015802 [hep-ph/0108147].

[6] SNO collaboration, Q.R. Ahmad et al., Direct evidence for neutrino flavor transformation from neutral-current interactions in the sudbury neutrino observatory, Phys. Rev. Lett. 89 (2002) 011301 [nucl-ex/0204008].

[7] SNO collaboration, Q.R. Ahmad et al., Measurement of day and night neutrino energy spectra at sno and constraints on neutrino mixing parameters, Phys. Rev. Lett. 89 (2002) 011302 [nucl-ex/0204009].

[8] S.M. Bilenky and B. Pontecorvo, Lepton mixing and neutrino oscillations, Phys. Rept. 41 (1978) 225.

[9] S.M. Bilenky and B. Pontecorvo. Massive neutrinos and neutrino oscillation, Rev. Mod.

Phys. 59 (1987) 691, erratum ibid. 61 (1989) 169.

– 30 –

[10] C.W. Kim and A. Pevsner, Neutrinos in physics and astrophysics Harwood Academic Press, Chur, Switzerland 1993, Contemporary Concepts in Physics, vol. 8.

[11] S.M. Bilenky, C. Giunti and W. Grimus, Phenomenology of neutrino oscillations, Prog. Part.

Nucl. Phys. 43 (1999) 1–86 [hep-ph/9812360].

[12] M. Zralek, From kaons to neutrinos: quantum mechanics of particle oscillations, Acta Phys.

Polon. B29 (1998) 3925–3956 [hep-ph/9810543].

[13] M. Beuthe, Oscillations of neutrinos and mesons in quantum field theory, hep-ph/0109119. [14] C. Giunti and M. Laveder, Neutrino unbound, http://www.to.infn.it/~giunti/NU. [15] C. Giunti, C.W. Kim and U.W. Lee, When do neutrinos really oscillate?: quantum mechanics of neutrino oscillations, Phys. Rev. D 44 (1991) 3635.

[16] C. Giunti and C.W. Kim, Coherence of neutrino oscillations in the wave packet approach, Phys. Rev. D 58 (1998) 017301 [hep-ph/9711363].

[17] C. Giunti, C.W. Kim, J.A. Lee and U.W. Lee, On the treatment of neutrino oscillations without resort to weak eigenstates, Phys. Rev. D 48 (1993) 4310 [hep-ph/9305276].

[18] C. Giunti, C.W. Kim and U.W. Lee, When do neutrinos cease to oscillate?, Phys. Lett. B 421 (1998) 237 [hep-ph/9709494].

[19] B. Kayser, On the quantum mechanics of neutrino oscillation, Phys. Rev. D 24 (1981) 110. [20] C. Giunti and C.W. Kim, Quantum mechanics of neutrino oscillations, Found. Phys. Lett. 14 (2001) 213–229 [hep-ph/0011074].

[21] S.M. Bilenky and C. Giunti, Lepton numbers in the framework of neutrino mixing, Int. J.

Mod. Phys. A 16 (2001) 3931 [hep-ph/0102320].

[22] C. Giunti, The phase of neutrino oscillations, hep-ph/0202063. [23] S. Nussinov, Solar neutrinos and neutrino mixing, Phys. Lett. B 63 (1976) 201. [24] K. Kiers, S. Nussinov and N. Weiss, Coherence effects in neutrino oscillations, Phys. Rev. D 53 (1996) 537 [hep-ph/9506271].

[25] C.Y. Cardall, Coherence of neutrino flavor mixing in quantum field theory, Phys. Rev. D 61 (2000) 073006 [hep-ph/9909332].

[26] M. Beuthe, Towards a unique formula for neutrino oscillations in vacuum, Phys. Rev. D 66 (2002) 013003 [hep-ph/0202068].

[27] W. Grimus and P. Stockinger, Real oscillations of virtual neutrinos, Phys. Rev. D 54 (1996) 3414 [hep-ph/9603430].

[28] W. Grimus, P. Stockinger and S. Mohanty, The field-theoretical approach to coherence in neutrino oscillations, Phys. Rev. D 59 (1999) 013011 [hep-ph/9807442].

[29] W. Grimus, S. Mohanty and P. Stockinger, Neutrino oscillations and the effect of the finite lifetime of the neutrino source, Phys. Rev. D 61 (2000) 033001 [hep-ph/9904285].

[30] M. Blasone and G. Vitiello, Remarks on the neutrino oscillation formula, Phys. Rev. D 60 (1999) 111302 [hep-ph/9907382].

[31] K. Fujii, C. Habe and T. Yabuki, Remarks on flavor-neutrino propagators and oscillation formulae, Phys. Rev. D 64 (2001) 013011 [hep-ph/0102001].

– 31 –

[32] GALLEX collaboration, W. Hampel et al., Gallex solar neutrino observations: results for gallex iv, Phys. Lett. B 447 (1999) 127.

[33] SAGE collaboration, J.N. Abdurashitov et al., Measurement of the solar neutrino capture rate with gallium metal, Phys. Rev. D 60 (1999) 055801 [astro-ph/9907113].

[34] GNO collaboration, M. Altmann et al., Gno solar neutrino observations: results for gno i, Phys. Lett. B 490 (2000) 16 [hep-ex/0006034].

[35] B.T. Cleveland et al., Measurement of the solar electron neutrino flux with the homestake chlorine detector, Astrophys. J. 496 (1998) 505.

[36] Y. Declais et al., Search for neutrino oscillations at 15-meters, 40-meters and 95-meters from a nuclear power reactor at bugey, Nucl. Phys. B 434 (1995) 503.

[37] CHOOZ collaboration, M. Apollonio et al., Limits on neutrino oscillations from the chooz experiment, Phys. Lett. B 466 (1999) 415 [hep-ex/9907037].

[38] Super-Kamiokande collaboration, S. Fukuda et al., Solar b-8 and he p neutrino measurements from 1258 days of super-kamiokande data, Phys. Rev. Lett. 86 (2001) 5651 [hep-ex/0103032].

[39] Particle Data Group collaboration, D.E. Groom et al., Review of particle physics, Eur.

Phys. J. C 15 (2000) 1.

[40] X.-m. Wang, M. Tegmark and M. Zaldarriaga, Is cosmology consistent?, Phys. Rev. D 65 (2002) 123001 [astro-ph/0105091].

[41] O. Elgaroy et al., A new limit on the total neutrino mass from the 2df galaxy redshift survey, Phys. Rev. Lett. 89 (2002) 061301 [astro-ph/0204152].

[42] S. Hannestad, Cosmological limit on the neutrino mass, astro-ph/0205223. [43] V.B. Anikeea et al., Use of the big liquid argon spectrometer bars for neutrino and cosmic ray studies, Nucl. Instrum. Meth. 419 (1998) 596.

[44] L.B. Okun, On neutrino oscillations, Surveys High Energy Phys. 15 (2000) 75.

– 32 –